SURFACES WITH ISOTHERMAL REPRESENTATION OF THEIR LINES
OF CURVATURE AND THEIR TRANSFORMATIONS®

BY

LUTHER PFAHLER EISENHART
INTRODUCTION.

In 1897 THYBAUT } showed that minimal surfaces admit of transformations
which are very similar to the BACKLUND transformations of pseudospherical
surfaces. The given minimal surface S and the transform S, are the focal
shests of a W-congruence. This transformation is such that the minimal sur-
faces .S and S, adjoint to S and S, respectively are the sheets of an envelope
of spheres whose centers lie on a surface applicable to a paraboloid of revolu-
tion, by the theorem of GuIcHARD. DarBoUX} and Brancar§ have considered
the pairs of isothermic surfaces which are at the same time in conformal corre-
spondence and form the envelope of a family of spheres, and have thus estab-
lished a transformation from a given isothermic surface to another isothermic
surface which together form such a pair. Brancar has shown that these trans-
formations admit of a theorem of permutability very similar to the theorem of
this kind which obtains for the BACKLUND transformations.

In the present paper we shall show that there is a transformation of surfaces
with isothermal spherical representation of their lines of curvature, changing
such a surface into one of the same kind. When in particular the given surface
is minimal its transform is minimal and the surfaces are in the relation of S and
S, mentioned above.

It is known that if tangents be drawn to a surface and perpendicular to the
direction of an infinitesimal deformation of the surface, these tangents form a
W-congruence for which the given surface is one of the focal sheets. If the
given surface be minimal and it be required that the lines of curvature corre-
spond on the two surfaces, the second focal surface also is a minimal surface.

* Presented to the Society April 27, 1907. Received for publication May 3, 1907.

1 Sur la déformation du paraboloide, ete., Annales de 1’ Ecole Normale (3), vol. 14 (1897),
pp- 46-96.

1 Sur les surfaces isothermiques, Annales del’ Ecole Normale (3), vol. 16 (1899), pp. 491~
508.
§ Ricerche sulle superficie isoterme e sulla deformazione delle quadriche, Annali di Matematica
(3), vol. 11 (1905), pp. 93-157.
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In this way we get the THYBAUT transformations of minimal surfaces and
obtain the equations of condition on two functions w and ¢ and a constant m,
which determine the transformation. The relation between the two surfaces
being perfectly reciprocal, the first is a transform of the second and the trans-
formation functions are expressible simply in terms of m, ¢, w.

We have remarked that the minimal surfaces S and §,, adjoint to the
minimal surfaces S and §, which are THYBAUT transforms of one another, are
the sheets of an envelope of spheres whose centers lie on a surface applicable to
a paraboloid of revolution. By means of a theorem of MOUTARD we show in
§ 4 that with each surface whose lines of curvature have isothermal spherical
representation there are associated co* surfaces of the same kind, each of which
forms with the given one the envelope of a family of spheres depending upon
two parameters. The determination of these new surfaces is the same problem
as finding the functions m, ¢, w of a THYBAUT transformation and quadra-
tures. We call the surfaces under discussion the surfaces =.

The transformations which we have discovered possess the following theorem
of permutability : If a surface T be transformed into two surfaces 2, and X,
of the same kind by means of transformations involving the constants m, and
m, respectively, there exists a surface T’ which is the transform of 2, and Z,
by means of transformations involving m, and m, respectively ; and this sur-
face can be found without quadrature.

We shall say that these four surfaces £, X, 2,, 3’ form a guatern. These
transformations of the surfaces = carry with them a transformation of the sur-
faces of centers of the spheres enveloped by the several pairs of surfaces = ; and
these latter transformations evidently possess a theorem of permutability similar
to the above. In §7 it is shown that if four surfaces 2, 2, 2,, 3', form a
quatern involving the constants m, , m,, each can be transformed by means of a
transformation involving a third constant m, in such a way that the four new
surfaces also form a quatern.

In § 8 we call attention to the fact that surfaces with plane lines of curvature
in both systems are surfaces = and show that the determination of their trans-
formations reduces to quadratures. When these transforms also have plane
lines of curvature in both systems, the surfaces of centers of the spheres
enveloped by pairs of them are surfaces of translation whose generators are in
perpendicular planes. Moreover, the cyclides of DuPIN play an important role
in the theory.

We close with a discussion of the surfaces = with spherical lines of curvature
in one system. In particular, we find that when the curves v = const. of a
minimal surface are spherical there can be found by quadratures an infinity of
surfaces 2 for which the curves v = const. are spherical and another infinity for
which the curves u = const. are spherical.




1908] OF LINES OF CURVATURE 151

§ 1. Transformation of Thybaut.

Let S be a minimal surface referred to its lines of curvature, and let the
parameters be so chosen that the linear element of the surface and of its
spherical representation can be written*

1) ds® = ¥ (du® + dv?),

) ds’ = e~ (du® + dv?)

respectively. Now 6 is a solution of the equation
0’9 0%0

) i tag = e7%,

Moreover, every solution of this equation gives a minimal surface.

From (1) and (2) it follows that the second fundamental coefficients of the
surface are
(4) D=—-D'=-1, D=0.

Denote by X, ¥, Z,; X,,Y,, Z,; X, Y, Z; the direction cosines of the
tangents to the curves v = const., w = const. on the surface and of its normal.

Thus

_,Ox _,O0x

(5) X_e"au X_e‘av
From these are found readily +

oX, o8 oXx, a6 :p. ¢

W wm X Gieen% wm=o'X
(©)

oX, o6 aX 60 p. 4

av = aqu, av X -+ C_OX —a—v = —-G_OX”

and similar expressions in the ¥ and Z.
The minimal surface S adjoint to S'is given by quadratures of the form }

ox Ox 0% ox
™ W o ou

The linear element of § and of its spherical representation are the same as for
S and the second fundamental coefficients have the values

®) D=D'=0, D=1.

Hence the parametric curves on S are its asymptotic lines.

* BIANCHI, Lezioni, 11, p. 335.
t1Ibid., I, p. 123 ; German translation, p. 94.
{ Ibid., II, p. 336.
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Denote by w the characteristic function in an infinitesimal deformation of S’;
then w is any solution of the equation

Sw 000w 000w

® oot G0 du T ouaw =0

The direction-cosines of the direction of deformation of S are proportional to the
coordinates, z,, y,, 2,, of a surface S,. When a solution w of equation (9) is
known, these coordinates are given by the quadratures }

oz, s 0w oz, , 0w

(10) —a—u—=e(w)(l—e 5;;X), —3;=G<WXZ+G “a?X)o
If lines be drawn tangent to S and perpendicular to the direction of the
infinitesimal deformation of S, they form a W-congruence, for which S is one
of the focal sheets. Moreover, this is a general construction for W-congruences. §
Denote by @ the angle which the line so drawn at a point of S makes with

the tangent to the curve v = const. at the point; then
2x, (X cosw+ X,sinw)=0,

or

11) cos ®:sin @ = 2 X, : — Zx X .

We shall put this result in a more suitable form.
We introduce the function 7" defined by

12) T = :Xx,,
and in accordance with equation (9) we put

oy 0w oy 2090
(1) W@ W T %

From (12) we get by differentiation

orT oy  oT )
9 G- X-GY, S —etm -
It is readily found that

0 0
(@32, X,) = 5 (32, X,).
In consequence of this equation we define a function ¢ so that

0 0
15) —a% =me®Zx, X, % =me® Zx, X,

*1bid., II, p. 7; German translation, p. 291.
+Ibid., p. 6 ; German translation, p. 290.
1 Ibid., II, pp. 52, 63 ; German translation, p. 316.
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where m is an arbitrary constant. With the help of (6) and (10) the second
differential coefficients of ¢ are reducible to

Pp_000¢ 0004 _ 1,
= - - ’

P 0004 0004

(16) 2udv— 00 ou T ou v’

2
a_¢___6_06_¢+608¢+mT+me”w

We return to the consideration of the congruence of tangents to S. The
coordinates of a point on the tangent at the point (&, 7, Z) are, in consequence
of (11) and (15), of the form

Ae (0O 0
1) a,=z+—(%’x,_5§&),

m
where A is a function of w and v. Differentiating with respect to » and v, we
get

3:1: _ W AOP . e(0p . B¢
= =['AT+e*(1-rw) ] X,—e™ — % X+ ( X, - X)
(18) ~

O [T (1—M0) | Xime 2 2 P '°(a¢x a¢X)a;:

au)

We denote by S, the second focal sheet of the above congruence and proceed
to find the value of A, in order that the codrdinates of S, be given by (17).
Also we denote by X”, ¥”, Z' the direction-cosines of the normal to S,. They
are of the form

(19) X’=aX+b( 4’X+afx)

where @ and b are functions of » and v such that

, 0, ,0%,
2X6—u=0, X —3?=0.

These equations reduce to

e‘”%%ﬁ —[e AT+ e (1— Mo)] ¢b.—0
(20) \ 04 ¢
—”E -a—~a— [C"OXT 6’(1 X'OD)] b 0.

Trans. Am. Math. Soc. 11
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When S is not a surface of revolution, that is when @ is a function of both u
and v, the function ¢ also is a function of both » and v.*

It will be found later that for the cases to be considered the function a is
always different from zero.

Eliminating ¢ and b from equations (20), we get A = 1/w, so that the coor-
dinates of the second focal sheet are of the form

o6 . 04
(21) T =%+ w(a'vX_—X)
Now equations (18) become
0%, e 0 ow T 1 0¢ow 1 0¢
o) = o w Kt (w+mw’au au)“?—e“msax’
0%, (T 1 d9pow e 0 dw 1 0¢
= (a—m% av)X+nzw’6u P o X

Since the congruence is a W-congruence, the parametric lines on S are
asymptotic. Hence the necessary and sufficient condition that S, be a mlnlmal
surface is that these lines be orthogonal. We shall limit our discussion to

W-congruences of this kind.t
From (22) it follows that the condition of orthogonality reduces to

R e R L

Since 1 is a function of both « and »,} we can replace this equation by

o4 29] 0404
[ () oot | |- Bpe

where - is given by (13).
If we define a function w by

b=+

*For, if 99/0u =0, it follows from (15) that 3r, X, —0. Differentiate with respect to v;
this gives Sz, X, = 0, since 00/0u #= 0. Hence z,/ X = g,/ Y = 2,/ Z = p, where p is a factor of
proportionality. If z,, y, and 2z, be replaced by thesp values in equations (10) and similar
equations in y, and 2,, we are brought to a set of inoonsistent equations. Hence ¢ is a function
of both « and v.

+ From (19) it is seen that when a = 0 the normals to §and §, are perpendioular, so that the
congruence is normal. But the condition that S, be minimal as well as 8 carries with it the
correspondence of the lines of curvature on the two surfaces. However, the lines of curvature
correspond on the two focal sheets of a normal W-congruence only when these sheets are pseudo-
spherical (BraNcHI, I, p. 283 ; German translation, p. 244). Hence a 4= 0.

1 As we bave excluded the case where 0 is a function of u or v alone, it is seen from (9) that w
is a constant if it is not a funetion of both u and v.




1908] OF LINES OF CURVATURE 155

and substitute this expression in the above equation, it becomes

ow Ow
o0d\? J¢\? . ou v
—20 _r _r o ap? —_— —_
e [(au)"‘(av)]"‘2”""1 w? + mwT a11‘_+a‘!"
ou v

617) ow Owdw\

. av 6u6v

5y g+ oyay |= O
ou Ov Oudv

If this equation be differentiated with respect to w and v and we make use of
equations (18) and (16), we find that in each case the resulting equation can be

made to vanish identically by taking % constant. Now the above equation of
condition reduces to

2
(23) e‘”.[(‘?a—z) +( ¢) ]+2mwT w=0,
and from (13) it follows that
0 29 OW o¢ ow
(4) ou au’ ov =—e’°?;.

In consequence of these equations and (15), equations (14) can be written in
the form
oT ow 64: orT 6w_ma¢
"w=u "o’ Tw~w ov
Thus far the function ¢ has been defined only to within an additive constant,
hence in all generality we can write the integral of the above equations in the
form
(24) mT=w—m.
Now equations (16) and (28) assume the fundamental forms
6’ 6 0o 060
&¢ 000¢ 0004
(B) Bude = B0 ou T ou B’
F¢_ 0604 009¢
o= ~oudu tav oy T M+,

@ () ()]

Moreover equations (20) reduce to

a=e'nTb.
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Substituting in (19) and expressing the condition
X'+ ¥+ 2°=1,
bemi¢p? = 1.
From (18) it is found that we must take
b= —etms,

we get

so that (19) becomes

(25) X’=(1—-."—':;;)X 'ﬂ:;(a¢x+‘g’x,).
From (22) we find for the linear element of Sl

(26) ds} =e™ %:;(duz + dv’);

and consequently the linear element of its spherical representation is

[t1h) s’ = e, (du + dv?).

The transformation (21) from the surf!we &S to the second minimal surface S,
was discovered by THYBAUT.* By retracing the steps in the foregoing develop-
ment it is readily shown that every pair of functions ¢, w satisfying the funda-
mental equations (4), (B), (C), determine a trangformation of Thybaut.

Denote by S, the adjoint minimal surface of S,; its cosrdinates are given by

ox, ox, _,¢ ox, 0% _,¢
(28) W= e X BT wky
where 109 — 560 — 04
) %= o (o ) )5t e Bt X
, e 0 ¢ e (3¢ e 0
X E - (R) |5 ma x

As thus defined the functions X, ¥}, Z; X, ¥,, Z,, are the direction-
cosines of the tangents to the curves v = const., u = const., respectively, on §,.

In consequence of equations (7) we can write the integral of equations (28)
in the form

1[e?0 e ? 0

This equation and similar ones for y, and 2, define the transformation from

*Sur la deformation du paraboloide et sur guelques problemes qui 'y rattachent. Annales de
1’Ecole Normale, ser. 3, vol. 14 (1897), p. 45.
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S to S, which is entirely complementary to the THYBAUT transformation of
their adjoint surfaces S and §,.

Referring to equations (25), we see that equation (30) can be written in
the form

(30) n-2x-s_2x

Hence the normals to S and S, at corresponding points M, M, meet in a point
M, which is distant ¢/w from M and M,. Therefore the surfaces S and S,
are the sheets of the envelope of the spheres of radius ¢/w whose centers are
on the surface which is the locus of M. It can be shown that the latter surface
is applicable to a paraboloid of revolution.*

§ 2. Inverse transformation of Thybaut.

Since S and S, are the focal sheets of a congruence the relation between
them is entirely reciprocal so that there is a THYBAUT transformation from the
latter into the former. We denote the transformation functions by ¢,, w,, m,
and seek their form.

The equations of transformation are of the form

(#x-2x).

T=12
""'mwl

where, in consequence of (27),

6—.1 = e.'_o

Replacing %,, X;, X, by their values from (21) and (29), we get an equation
of the form
AX + BX,+ CX =0,

where A, B, C are determinate functions of the above quantities. Since the
same relation holds for ¥ and Z, these functions must vanish identically. This
gives the three equations

18 1 [_(‘3.‘—”)’_3%]‘3—4" 1 249404, _,

mw o " mw $| mp av+mmw¢’6_u—%ﬁ—

_lo 1 042404, 1 [M(a(p) e“]aabao

mw ou " mm w ¢ Ou v Ov m,w b ov
08 08, 0604, _
ou ov ' v Su
We replace the last equation by
o, _ 0

6, o9
= "Pa =P
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and find by substitution that the first two equations are satisfied if

¢mw, _
P mwzle 20
Hence
(31) %= _mlwltﬁe_”é_?i) a¢, m,w, ¢ _”a¢
Ou mw? cu’ v mw? ov’

But ¢, and w, must satisfy equations of the form (A4), which are for the

present case \
(32) %tn ,¢’ aale’ %4’1=_e_u‘iz%wx'
Subtracting these equations from (31), we get
ow _ _mwo¢é  Ow_ _mwo¢
ou ~  m¢ ou’ v T m o’
of which the integral is

with a particular choice of the constant of integration which has no effect upon
the generality of the solution.
Now equations (31) reduce to

@) H__m (1)'3-‘9—20%:;, ‘%%=7:_2,2(%)%—16-»§£,

The functions ¢, and w, must satisfy equations of the form (B). The second

of these is
8- ()8 L)

When the values from (83) are substituted in this equation, it reduces to
m, =m. Consequently by means of (4) equations (33) can be reduced to

64’1 _ 1 ow a¢, _ 1 ow
T w? ou’ T w?ov
Hence the functions determining the transformation from S, into § are given by
1 1
(34) ¢, = 0’ w, = s m, =m.

§38. The associate surfaces Z,.

Equation (9) is the tangential equation of the surfaces with the same spherical
representation of their lines of curvature as S. Each solution W of this
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equation determines such a surface. We call them surfaces . The function
W gives the distance from the origin to the tangent plane and the rectangular
coordinates (£, 7, {) are of the form *

WX oWoxX
— 2
E_WX+e°(———au A )

or in consequence of (6),

ow ow .

These surfaces = are evidently associate to S, for the lines of curvature of the
former have the same representation as the asymptotic lines of the latter.

Since the function w of a THYBAUT transformation of S is a solution of
equation (9), every transformation of this kind carries with it the determination
of a surface associate to S. We denote this surface by =, and by 2¢ the square
of the distance from a point on Z, to the origin. From (85), (4) and (C) we get

2g = 2mdw.

Denoting by w,, the second derived covariants of the function w with respect to
the linear element of the spherical representation of S we get from (4) and (B)

_asz ggaw 606w_ 2
n="32 1 54 B0 " 5w o = "W T (mP—w)

O*w 000w 000w

bl —20 _
5 ~oudu Tow dp =" "wt e (m—w).

The sum of the radii of principal curvature of =, has the value }
P+ Py = € (wy, + wy) + 2w = 2mé,
so that the above equation can be written

(36) 29=(p, +p,)w-

§4. General transformations of surfaces X.

MouTARD has established the following theorem:} Given two solutions
Vs ¥, of an equation of the form
>y
&7 Buoe = ¥
the equations

69 s =¥n(2),  aev0=-viz(H)

*Buncm,_Lezioni, I, p. 173 ; German translation, p. 141.
1 BIANCHI, Lezioni, I, p. 173 ; German translation, p. 141.
} Ibid., II, p. 69.
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are consistent, and the function v, thus defined is such that
&y, & (1 ,
(39) aua;,=‘klauav(171)‘h°
By means of this theorem we shall establish a transformation of a surface = into

a surface =, with the same spherical representation of its lines of curvature as a
transform 'S, of S.

If we put
@0) 0=ty
equation (9) becomes » a’e'

which evidently is of the form (37).

Suppose now that we have given a surface = determined by a solution W of
equation (9) and a pair of functions ¢, w, giving a THYBAUT transformation of
S. Hence two solutions of (41) aré

v, =cw, Y, =eW.
Equations (88) reduce to

@) gem)=rvg(v).  HEw=-ewg ()

and the corresponding equation (39) is

Ay &
(43) aua,:,=eo aua,v( )"'1
The tangential equation of the surfaces £, is evidently
oW, o ow, o w\oW,
(44) ol avlg(e'qb) i —azlog(e’a) i =o.
If we put
fw
IVl"““T"’l’

the equation for -, reduces to (43), in consequence of equations (A4) and (C).
Hence the function W), determined by the quadratures

W) 2eWmy=—ewn(), meW=rwgn(y),

is a solution of equation (44).
The surface whose coordinates are of the form

@  emreet(Tx-x)
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is therefore associate to the transform S, of S by means of the functions ¢, w
If the expressions for X', X, X, given by (25) and (29) and of o W, /ou,
O W, /ov, be substituted in (46), it can be reduced to the form

{47 =f+ (X' —-X)R,

where we have put

(48) R=—[m¢W+(aaT%§—%Y%¢)— W(M—w)]-

From (47) it is evident that the surfaces = and 2, are the sheets of the
envelopes of spheres of radius 2 whose centers lie on the surface £ defined by

(49) E=t—RX, 7=n—RY, [=t{—RZ.
From these expressions we get by differentiation
oFE ,,, OR oF OR
o = A¢X, -5 X, %—-—B'X——%—X

where we have put for the sake of brevity

W 000w 0600w
Bt e o T(W R

B W _000W 000W o b ow

A=
(49)

Bt it is readily found from (48) that
oR_A0¢ OR B3

Ou_w ou’ O w v’
80 that the above equations can be written
oF 10¢ o 1 2% &
(69). 6_u=‘4( 'X—— X) ~a—v=B( X, +— av .

From these expressions and similar ones for 7 and £ we find that the direction-
cosines of the normal to the surface S are of the form

1) X-_-\j;;“-"—#[x (a"’x +a4’x)]

As defined, a surface £ is the locus of the centers of spheres whose envelope
consists of a surface = and its transform by means of a set of functions m,w, ¢.
Since the expression (51) for X involves only the latter functions, all the trans-
forms, by means of these functions, of the surfaces = correspond with parallelism
of tangent planes. And furthermore it follows from (50) that the tangents to
the parametric curves on these surfaces 2 are parallel; hence the parametric
curves form a conjugate system.




162 L. P. EISENHART : ISOTHERMAL REPRESENTATION [April

§ 5. Special cases.

We have seen that the minimal surfaces S and S, are the sheets of the
envelope of a family of spheres. Now we shall show that this transformation
is the same as that just given for any surface X.

From (30) and (25) we get

(52) W1=2:ch’=(1—7—;%)W "_;[zx A X,ag’] L

If we differentiate the equation

W= sz 5
we get
?_IY_ e 3z X, ?—W — e 32X,
ou ov
When these values are substituted in (52) and (48), we have
¢

in which case equations (47) reduce to (30°). Hence S, is the transform of §
in the sense of the generalized transformation of any surface = .

Let us now apply this transformation to the surface X, that is, we have
W=w. From (45) it is seen that W,¢ is constant. Taking W, =1/¢ we
get, as we have seen before, the surface =, which determines the inverse
THYBAUT transformation from S, into S. Now from (48) we have

R=m(11;+4>).

From (34) it is seen that this expression may be written

R=m(¢l+;}l),

which puts in evidence the reciprocal character of the transformation.
In consequence of equations (A4) equations (45) can be written in the form

0 0
o= — e ST 4 (W W.)—a-;",
(45)
PRLORPPLLANG S A

From this it is seen that if W, and W are any functions satisfying this equation,
so also are W, +a and W + a for all values of the constant ¢. Hence sur-
JSaces parallel to a given surface = are transformed into surfaces parallel to
2, and at the same distance.
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Suppose we have two solutions W and W' of equation (9) and that the cor-
responding solutions of (45) are denoted by W, and W;. It is evident that
aW + bW’ is a solution of equation (9) for all values of the constants @, b,
and the corresponding solution of (45") is a W, + bW ;. Hence the locus of a
point dim'ding in constant ratio the join of corresponding points on two sur-
Jaces =, X' is a surface of the same kind. And the transform of this locus
by means qf the functions m, ¢, w, divides in the same ratio the join of corre-
sponding points of the transforms of  and =’ by means of the same functions.

When in particular W’ is w,then W, is 1/¢ as we have seen. From this we
remark that by varying the constant of integration obtained from the quad-
ratures (45), we get the surfaces which divide in constant ratio the joins of
corresponding points on the surface for which the constant is zero, and the
surface =, previously defined.

§ 6. Theorem of perinutability.

There is a theorem of permutability for the transformations of THYBAUT very
similar to the theorem of permutability of the BACKLUND transformations, as
discovered by Biancar. It is as follows: Given two transforms S, and S, of
a minimal surface § by means of transformations involving respective constants
my, my; there exists a minimal surface S’ which is the THYBAUT transform of
S, and S, by means of transformations involving the same constants in
inverse order

This theorem is a direct result of a more general theorem due to Branchi*

Instead of considering the surfaces S, Sl, S’z, we take their adjoints S, S|, §,.
We have seen that S and S, are sheets of an envelope of spheres whose centers
lie on a surface; and the same is true of S and S,. DArBouUX has considered
pairs of surfaces which are the sheets of an envelope of spheres in such a way
that the two sheets are represented conformally upon one another; he has found
that both the surfaces are isothermic and their lines of curvature correspond.
BiaNcaI* has made a profound study of these transformations of one iso-
thermic surface into another and has denofed such a transformation by D,_,
thus putting in evidence the constant m which appears in the equations. He
has established a theorem of permutability of these transformations which leads
to the theorem stated above. We shall write down the results of his investiga-
tion for the case where the given isothermal surface is minimal and refer the
reader to his memoir for their derivation.

The surfaces S, and S, are defined by equations of the form (30), when the
functions m, ¢, w are replaced by m,, ¢,, w, and m,, ¢,, w, successively. In
like manner transforms S’ and S” of S, and S, respectively are defined by

* Ricerche sulle superficie isoterme, ete., loc. cit.
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equations of the form
_1fe" a¢' e 04,
" 1[e*od, 5 e % 0¢, @ @
From (27) it follows that
(63) e%=a%, w-a¢
1 2

and XV, X, X; X® X® X@; are given by (25) and (29) when
¢, w, m are replaced by ¢,, w,, m, and ¢,, w,, m, respectively.
BiancHI shows* that S' and S” coincide when

] , @
wlaa‘-}-(m,—ml)w,, ¢,=~w—:+(m,—m1)4’p

(64) @ ®
=it (m—m)e,  # =t (= m) b,
where
D =™ (%tl %ts + ?a% %%) + w,w, — m, (0, ¢, + w, ¢, ),
(85)

op, 0, O¢ 0
P, = zo( atl au’ + 7:! .%’) + w,w, — m, (w0, $, + 0,,).
Moreover, the above functions satisfy fundamental equations for S, and 8,

similar to (4), (B), (C) for 8.
From (21) it follows that the THYBAUT transform of S, by means of the above

functions is defined by equations of the form

pan et (x-S xp).

By means of (53) we get '
0 0
e 4’1 W _"%—(mz_ml)e—.'a—t"o
0 o¢, <I> 0

*Looc. oit., p. 119. It must be remarked that BIANCHI has put 2=e—9(0é/ou), u=¢—0(3¢/ov)
to reduce his formule to the form, p. 119, and that his function o reduces to w when S is minimal.
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Hence the above equation can be reduced to

(57) —[(mm.-wl)ﬁ—(m- ,)a""]x

From (54) and (55) it follows that
w0 ¢, = w; $,.
Hence the right-hand member of equation (57) is symmetrical with respect to
the sets of functions m,, ¢, w,; m,, $,, w,. Consequently S is also the trans-
form of S, by means of the functions m, , ¢,, w

It follows from (57) that S and S’ coincide when m, = m, and only in this
case,

We shall now show that the theorem of permutability of THYBAUT trans-
formations, as just derived, can be extended to the transformations, which we
have found, of surfaces with the same spherical representation of their lines of
curvature as S.

Given a surface = and as before denote by W the distance from the origin of
its tangent plane. By means of the functions (m,, ¢,, w,) and (m,, ¢,, w,) we
transform = into =, and 3, respectively. Denote by W, and W, the distances
of the tangent planes of these respective surfaces from the origin ; these functions
are given by the quadratures (45)

68 26.W)=—in (), a—’i,(«ﬁlmﬂ“wfa%(g),

(59) 5—1(¢2W§)=—e"w§a%(%)’ 5 (5,7, = & ai(W)

By means of the functions (m,, ¢;, w, ) and (m,, ¢;, w,), given by (54) the
surfaces =, and 2, can be transformed into surfaces with the same representation’
of their lines of curvature as §. We shall show that the two new surfaces

coincide.
In order that this may be true the function W', representing the distance
from the origin to the tangent plane to 2’, must satisfy the four equations

20 (W, ’ T 20 (W,
(60) au(¢1 WI)=_3—”¢ 4 au( av(¢1W)—e-u¢z W, av(—)’

DO (W 0, 4t .0(W,
o) g =—eBorZ (D), Zamy=enerl (7).
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Similar to equations (4) we have the set

08 _  utlOu, 08 _,¢t0w

ou w2 Ou’ ov w? 6'0 (i=1,2).

If we make use of these equations and (56) in the result obtained by eliminating
O W’ [0u from the first of equations (60) and (61), we can reduce it to the form

62 0 (S o S (O W= QW () (W=, W,0)] =0,

w, Ou  w, Ou
where for the sake of brevity we have put
Q= + (my—m),w, =, + (m —m,) w,,
Q= + (my—m)pw,= P, + (m, —m,),w,

In like manner the elimination of 0 W' [0v from the second of equations (60)
and (61) leads to

(63)

(106, 106\ ()
00) (5 — o ) [ W= QW+ (m,— m) (6 Wi, W] = 0.
From (63) we get by differentiation
o 0 0
ou —(m _ml)e_20(¢2 au ¢1 ¢2)a
o

o = (m—m)es (6,509, 50).

Hence )’ cannot vanish unless ¢, is a function of ¢,. Moreover, it is only in
this case that the quantities in parentheses in (62) and (64) can vanish simul-
taneously. Hence the expression in brackets in these two- equations must
vanish, so that

(65) QW' = (m,—my)($, W,w,— ¢, W,w) + QW.

It is readily shown that this value of W' satisfies equations (60) and (61).
Hence we have the following theorem of permutability :

If a surface 2 with isothermal representation of its lines of curvature be
transformed into two surfaces 2, and =, of the same kind by means of trans-
Jormations T, , T,, respectively, there exists a surface ' which is the trans-
Jorm of £, and Z, by transformations T, , T, respectively; and this sur-
Jace can be obtained without quadratures.

We have seen that the surfaces = and 2, form the envelope of a doubly infi-
nite family of spheres whose centers lie on a surface =, with a conjugate system
of lines in correspondence with the lines of curvatureon =. In like manner there
are surfaces f,, i; , 2_‘.;, which are the loci of the centers of the spheres envel-
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oped by the pairs of surfaces 2, 2,; =,,2'; Z,, 2 respectively. The trans-
formations which we have been considering can be looked upon as transforming
the surfaces il, iz, i;, i; into one another; we have consequently for these
transformations a theorem of permutability.

We have seen that all the surfaces 3, corresponding to transformations of
surfaces = by means of the same values of the functions m, ¢, w have a conju-
gate system in correspondence with the lines of curvature of the surfaces X;
and the tangents to the curves of this system at correspending points of two
surfaces S, are parallel. Hence the congruences formed by joining correspond-
ing points of two of these surfaces =, have their developable surfaces in corre-
spondence with the lines of curvature of the surfaces . We can, therefore,
look upon the above transformations as transformations of such a congruence
into another whose developables correspond to the -developables of the for-
mer. Furthermore, there is a theorem of permutability for these congruence
transformations.

The function w; whose expression is given by (54) is a solution of the tan-
gential LAPLACE equation (44) for §,. Hence there is a surface =, determined
by this value of W,. In order to determine the surface = of which it is the
transform by means of m,, ¢,, w,, we substitute its value (54) in equation (58)
and find that

W= (m, — m,)w,.
In like manner it is found that the surface = determined by
W= (m, — mz)wl

is transformed by means of the functions m,, ¢,, w, into the surface 2, whose
tangent plane is at the distance w, from the origin.

It is readily found from (48) that the radius of the spheres whose envelope is
formed of the surfaces = and =, is given by R, = m,®,/w,, and for = and 2,
R,=m®, [w,.

§ 7. Groups of eight surfaces .

Given a surface = and three surfaces 2., Z,, 2, transforms of it by trans-
formations T (w,, ¢,, m,), T,(w,, ;. m,), Ty(w,, ¢y, my). In consequence
of the theorem of permutability we can find without quadrature surfaces of the
same kind 2., 2, 2, , which are transforms of the respective pairs of surfaces
3, (25, 2%,), (24, 2,). Thus a surface =, is the transform of = by
the successive application of transformations 7}, 7', or 7,, T';; consequently

3, is the same surface as 2,;,. Consider now three surfaces 2, =, 2, where

k 4 1 4 i; the surfaces =, and 2 are supposed  to be obtained from =, by
transformations 7'y, 7'; respectively. By the theorem of permutability there is
a fourth surface =, which is the transform of =, by a transformation 7", and
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of =, by a transformation 7',. We are now going to show that all the
surfaces obtained as =, and corresponding to a permutation of the subscripts
t, k, [ are one and the same surface.

For the sake of brevity we put

o¢, 0 0¢,0
L,z=e""(a;t' %’-}-%‘%)-{-wlwp
o¢, 0 0¢,0
(66) Ln=e‘”( at’ 633"' at’ at"’) + w,w,,

Evidently L, = L,,, for k 4 i.

Denote by (m,, w,, ¢, ) and (m,, w,, ¢,,) the functions determining the
transformations which change 2, 1nto two surfaces =, and 2,, respectively.
From (54) and (55) it follows that

w. = L, — mw,, — mw, ¢, = L, — muw$, — mao,,
at ) S ) ’ 21 — w, ’
(67)
w Ly — maw,; — b, = Ly — mgo,, — maw b,
23 = é, % 23 = w,

If we write the linear element of the spherical representation of 2, in the
form
ds); = e ¥u(du? + dv?),
it follows from (53) that
w, L,, — mw,p, — mw,o.
’68 —03__603____60 12 17271 21 2.
) 21 L, — mwp, — mu$,

We denote by Z,,, or 2, , the surface which forms with 2,, 2,, 2, a
quatern and write the linear element of its spherical representatlon in the form

ds;?, = e~ (du? + dv?).
From (68) and (53) it follows that

(69) 6o — ¢~ E— e° w0

47’

where we have put for the sake of brevity
0¢, 0 oo, 0 _
J=e ( 4’:1 ;.;” + atzl ;;”) + 0, Wy — MWy by — M0 D,
(70)

ou Ou

K= e-s.(%?;éz_ur Oty 0%

o0 Tajv“) + Wy W,y — MWuPy — M0y Py -
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From (67) we get by differentiation

-o,a¢n L,, — mw$, — mw, 16_964’2 (m, ) et ¢l
ou b0, ou My
000, L,—mwep,—muwp, 0¢ 6¢
1) T o T gm0 B Hmm MmN
(
0.0, Ly —muwp, — ma,p, _,0¢, .09,
R e

8_.’%=L__m'ws ; — M0, 3_0643’
a” ¢2 2
Substituting these values and those from (67) in (70), we get
¢S = (m, —m,)(m, —my) b Ly + (m, — my) (my — m,) . Ly
+ (my — m,)(my — m;) $ L, — m, (my — my ) *w, b,

+ (my — ’)6_0%‘#3.

(72) —m, (ms - ml)z."”zd’s‘ﬁx - ms(ml - m,)’w3¢l¢2,
w, K = (m —m,)(m.— my)w, Ly + (my, — my)(my — m,)w,Ly
+ (my — m, ) (my — m,yw,L,, — m,(m, — my)*$wyw,

— my(my — m,) *bwgn, — my(m, — m, )00, .

Since these expressions are symmetric in the functions, (m,, ¢, w,),
(my, ;s w,), (Mg, Py, ), it follows from (69) that all the surfaces Z,,, for
any permutation of the subscripts ¢, &, [, have the same representation of their
lines of curvature. It remains for us to show that the function W, , which
determines the distance from the origin to the tangent plane to 2, is likewise
symmetric in the above functions, in order to prove that all of these surfaces
2, coincide.

As in (63) we put
(18) Q,, =L, —mw, —muw,, , Q, = L,, — m¢,w, — mpw,,
Q,, = L,; — mo,$, — maw,$,, Q= L,y — mypgo, — mp,w,

Hence by (65) the functions W, and W,, determining the surfaces =, and Z,
are given by

(74) 1‘0';1 =(m1_mz)(¢1 anz—'isz;wn)"' ‘Q'le’

Wzs‘ﬂés = (ms - mz)(¢3 W;wz - d’z W;ws) + ‘Q'st'
By analogy we have that W, is such that
W = (my — m_x)("’n Wy — by Wywy) + WK,
which reduces to

Was by = (m, — m,)(m, — mg) W,[ Ly, — m,$,w;, — mypyw, |
+ (my, — my)(m, — m,) W,[ Ly, — mydyw, — m, ¢, w, ]
+ (my— m, ) (my — m,) Wy[ L,y — m, ¢, w, — m$,w, ].

Trans. Am. Math. Soc. 18
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Since by (72)¢,J is symmetric in the functions (m,, ¢,, w,), (m,, ¢,, w,),
(my, ¢, w,) and the right-hand number is evidently of this kind, it is true also
of W,,. Hence Z,, is a transform of 2, in two ways by means of transforma-
tions involving m,; and in like manner it is a transform of =, and 2, , each in
two ways, by means of transformations involving the constants m, and m,
respectively.

Thus we have groups of eight surfaces, with isothermal representation of their
lines of curvature, each of which is related to three others by transformations
involving three different constants, the constants being the same three for each
member of the group.

An immediate consequence of this result is the theorem.*

Gliven four surfaces 2, 2, Z,, 2, forming a quatern ; each of these sur-
JSaces can be transformed by a transformation involving a constant m, differ-
ent from m, and m, such that the new surfaces form a quatern also.

§ 8. Surfaces with plane lines of curvature in both systems.

Surfaces whose lines of curvature in both systems are plane have isothermal
representation of these lines. For the curves upon the sphere must be circles
and consequently have constant geodesic curvature. Hence they form an iso-
thermal system.t Moreover, if the curves in one family of an isothermal system
have constant geodesic curvature, the same is true of the curves in the other
family. Hence the surfaces which we are about to consider are the only surfaces
with isothermal representation with plane lines of curvature.

An orthogonal system of circles on the sphere is obtained, in the most general
manner, by intersecting the sphere with two pencils of planes whoses axes are
polar reciprocal with respect to the sphere.j There are two cases; 1°, when
the axes are tangent to the sphere; 2°, when the axes are not tangent.

1°. By taking for axes the two tangents to the sphere at the point (0, 0, 1),
which are parallel to the axes Ox, Oy, the coordinates of the sphere can be
given in the form

2Qu 2v w40i—1
(18) X=lror1 Y=vrori 2=yl

from which we get for the linear element
_ 4(dv? + dv?)
2°. If the axes are parallel to the axes Ox, Oy, and meet the axis Oz in the

(16) ds”

* BIANCHI (loc. cit., p. 127) has established a similar theorem for the transformations D .
+ BIANCHI, Lezioni, I, p. 210 ; German translation, p. 177.
1 Ibid. I, p. 108 ; German translation, p. 81.
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points (0, 0, 1/a), (0, 0, a), the codrdinates of the sphere are expressible thus

N X V1—a’sinu _ V1—d’sinhv _cosu+acosho
(17) ~ cosh v + a cos u’ ~ coshv + @ cos w’ ~ coshv + acos u’

and the linear element is given by
_ (1 —=a’)(du’ 4 dv*)

"~ (coshv + acosu)®”

(78) ds”

From (76) and (78) it is seen that in either case ¢ is the sum of functions of
u and v alone, so that equation (41) reduces to

Iy

== =0,

Ou Ov
Consequently the most general solution of equation (9) is
(79 W=(U+7V)e",

where U and V are arbitrary functions of » and v alone.
We denote by U, and V| the values of these functions which give a function
w determining a THYBAUT transformation ; thus

(80) w= (T, + V;)e.
We consider the first case (75). Now
2
(81) eo=’%”z+l,
and equations (4) reduce to
op w4041
w9 Ui—u(U+V),
o w441,
=" — N+ul+V).
If these values be substituted in equations (B) and (C), it is found that
+v'+1 . ,
mp =" T m(U,— V) = (uT; +0V}) + (T, + V),
and -
(82) U, = acosh V2mu, V,= *acos V2mv,

where « is an arbitrary constant.
When, in the second case,

(89) eog(ooshv+_acosu)

Vv1—a? ’
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equations (A4) reduce to

0

aq’> AT + (U, + V) asmuz’
o¢ , smh'v
av——e"V + (U, + V)‘/1

Proceeding as in the former case we find that we must consider separately the

case where m = }.
When m 4 }, we get

| —sinho V7))
(T4 V) (oo — aconn)],

1
= =g

and
(84) U, = acosh (V2m —1u), V.= acos (V'2m —1v).

For the particular case m = } we find

.:=4ae’ 1/12 (aslnuU —smhvV’)+(1(/]1+ ')(coshv—oosu)
an
(85) U, =au’+au+ a, Vi=av*+ bv+5,,

where the constants of integration must satisfy the relation
(86) a} + b} = 4a(a, + b,)

in order that equation (C') be satisfied.

When these values of ¢ and w are substituted in (45) and W is replaced by
its expression (79), the function W, determining the transform =, of the given
surface = is given by quadratures. We can thus find all the transforms of sur-
faces with plane lines of curvature in both systems and from the theorem of
permutability it follows that all the transformations of these new surfaces are
given without quadrature.

We inquire now whether any of these transforms =, have plane lines of cur-
vature in both systems. From (27) and (80) it follows that the linear element
of the spherical representation of the surfaces =, is

(87) ds;’ (E%ﬂ (d + dv?).

Hence the necessary and sufficient condition that the lines of curvature be plane

o ¢ o
%_%(T/’TTI";)= '

in both systems is that
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One finds that for both cases (81) and (83) this equation reduces to ¢ U, ¥, =0.
Hence either U, or V, is a constant.

Let U, be a constant. This is not possible for the cases (82) and (84).
However, it is possible for (85) by taking a = a, = 0; it follows from (86) that
b, =0 also. Hence ¥V, is a constant. Without loss of generality we can
take U, + V,=1. Now

cosh v — a cos u

88 = _— .,
(88) ¢ 7 g
Then the linear element (87) becomes
2 2
(89) ds;'— (1 — a®)(du® + dv?)

~ (coshv—acosu)®’

and by means of (25) it is found that

V1—a’sinu , V1—<a?sinhy cos u — a cosh v
cosh v — a cos »’ T coshv—acosu’ ™ =  coshv—acosu

(90) X'=—
Equations (45) reduce in the present case to
d ) )

S ($W)==T, S ($W) =V,

of which the integral is
$W,= —(U—7) + 26,

where ¢, is a constant. The expression (48) for the radius R of the sphere tan-
gent to = and =, becomes

R= _Vll -[a(sinu . U'—cosu.U)—sinhv- V' +coshv- V-, (coshv+ acosu].
—a

The functions A and B defined by (49°) have now the forms
A=(U"+U—c)e? B=(V'—V—g¢)e.
From (49) it follows that the codrdinates of the center of the sphere are
E= (U +U—c)eosudu, 7= f(V'—V—c)coshvdo,

I

;71—'2f" (U" 4+ U~ ¢,) sin udu + a( V" — V—¢,) sinh odo.
—_a

Hence the locus of the centers of the spheres is a surface of translation whose
generating curves lie in planes parallel to the coordinate planes =0, = 0.
Moreover, the most general surfaces of translation of this kind can be defined
by equations of the above form. By repeating the steps in inverse order we
can establish the theorem: Given a surface of translation generated by the
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motion of a plane curve when a point of the latter describes a second plane
curve whose plane is perpendicular to the plane of the former ; it is.the locus
of the centers of a family of spheres which envelope two surfaces with plane
lines of curvature in both families.

When a =0 in (T7), the curves u = const. on the sphere are great circles
with a common diameter and the curves v = const. are their parallels. From
(89) and (90) it is seen that the same curves serve for the representation of =
and 2, the correspondence being given by

X' =-X, Y=Y, Z'=—12.

Now the surface X is a cylinder whose generators u = const. are parallel to the
y-axis. Moreover, the spheres whose centers lie on a generator have the same
radius.

Returning to the general case, @ 4= 0, we get from equations (4) and (88)

vVi—a®

coshv + acosu’

W=

The codrdinates of the surface =, whose tangent plane is at the distance w from
the origin are

01) £ — sin % cosh v _ —acosusinhv g_l/l—a’c;aosucosh'v
( )E_oosh'v+aeosu’ "= Goshv + acosu’ ~ coshv + acosu

We find that the fundamental functions for this surface have the values

cosh’v, 0, a® cos’ u
(cosh v + a cos u)?’

—Vv1—a’coshv, 0, V1 — - ‘acosu
(cosh v + acos u)?

E,F,G=

D,D,D =

From these expressions it is seen that the centers of curvatures of the surface
are defined by
a:l = f

cosh v acosu
_— X =
Vicay a=itogea

and similar expressions for the y and z.
Replacing the various terms in the right-hand members by their values from

(77) and (91), we get

w,=0, ¥, = —sinh v, 2, =—

X,

l/l—a’

. cos
x,=sinu, y=0, 2z, =

vi—a’
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Hence when a 4= 0 the surface of centers consists of the two focal conics
z, =0, (1—-a’)2}—a*yi =1,
¥,=0, o +(1—a*)z}=1.
And when @ =0 the surface of centers reduces to the y-axis and the circle
¥,=0, Bw+za=1.
From this it follows that the surfaces 2, are the cyclides of Dupin.

§ 9. Surfaces = with spherical lines of curvature in one system.
ENNEPER* has shown that the necessary and sufficient condition that the lines
of curvature v = const. be spherical is that the following relation obtain

I/E=Reoso'cl;lE+Rsinc%a—i ‘/PlE’

where p, and p, are the principal radii of curvature, B the radius of the sphere
and o the angle under which the latter cuts the surface; both R and o are
functions of v alone. For the surfaces =

VE=—pe?, V@=p e,
so that the above equation becomes
(%2) VE=ae+RB g—f.

where a and 8 are functions of v alone.
We consider first the case where = is a minimal surface ; now (92) becomes

c“=a+/38%e'.

If this be differented with respect to u, we get

P &
T _g % o,
2u’ =Prm?

Eliminating 8 from this equation and its derivative with respect to », we get

o080 &0 &0 o0 AN
(%3) aw’a—a?auao—(av)a""
This equation is satisfied by solutions of the equation
———aa; ¢! = 0,

*Gostinger Nachriohten, 1868, p. 421 ; BIANCHI, Lezioni, II, p. 304.
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that is, when the lines of curvature in both systems are plane. Excluding this
case, every common solution of equations (3) and (93) determines a minimal
surface whose lines of curvature v = const. are spherical. DOBRINER * showed
that there are minimal surfaces of this kind and found the expressions for their
coordinates in the WEIERSTRASS form ; they involve J-functions,

In a similar manner it can be shown that when 6 is a solution of equation (8)
and of

(%4

00 P60 2P0 20 00(00\
%auw“%ﬁ‘auav"a“a(b?) =5

the lines of curvature u = const. on the corresponding minimal surface are
spherical.

In order to consider the case where = is not a minimal surface we remark
that the functions £ and G are determined by the equations

1 VE 26 1 VG a6
V@ 0 "~ o' YE ou ou’
If the expression (92) for £ be substituted in the first of these equations, we get
— 0\ (06\*
@ vom (e rsZd)(2)
where the accents denote differentiation with respect to ». Substituting this
value in the second of the above equations, we get

, 0’0 0696 00 o6 &#0 *0 0000\
) (5 + 7 7) 8| (%) ]=o-

Comparing this equation with (94) we see that if the lines of curvature
% == const. on the minimal surface S are spherical, the lines of curvature
v = const. are spherical on the surfaces with the same representation as S and
for which £ and @ are given by

~1
@) VE=art+ph. VE@=F-a+851(5)
where now a is any constant and 8 any function whatever of v. When in par-
ticular a =0, it follows from (92) that the spheres upon which the curves
v = const. lie cut the surface orthogonally; and for any other value of a the
projection of the radius of the sphere upon the tangent plane is constant.
If equation (96) be differentiated with respect to » and a’ and 8 be eliminated

*Die Minimalfidchen mit einem System sphiirischer Krimmungslinien, Acta Mathematioa, vol.
10 (1887), pp. 145-152. '
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we get the equation of condition

I e"( 9 06 60) o0 o0 Q6 o260 60(60)’

2udo T u B0 Do Gudr  oudv o — du\dv

O _,f 08 , 2808 d[c0 &0 o0 2’0 00 (o8’
a—u[e (m+ a%)] az['saa"rarau—ava?— Bu (%) ]

Given a solution of this equation which is also a solution of equation (3),
there is an infinity of surfaces = with the given spherical representation of their
lines of curvature and for which the curves v = const. are spherical. The fun-
damental functions are given by (97) in which a is an arbitrary function of v
and 8 is determined by (96).

In particular, if 6 be a solution of (98) it satisfies (98); that is, when the
curves v = const. are spherical on a minimal surface there are an infinity of
surfaces = with the same spherical representation for which the curves v = const.
are spherical.

From (92) it follows that the coordinates £, 7, & of a point on one of the sur-
faces = with spherical lines of curvature v = const. are given by quadratures of
the form

(98)

of 20 d
5‘,,’(“"'*‘ 35;)X1=a—u(ax+ BX,);
hence
(99) E=GX+BX’+K, f)==dY-rﬁ1’,+K, gsaz.'.ﬁzz_‘.'vs,

where V,, V,, V, are functions of v alone. But from (95) we have

op [*°t8 g

+8 —ac | X,

ov a0
o
Substituting the above value of £, we get
, >0
09  *'+B5s
(100) V=B85 X+ —gg— X, — (2’ + Be*) X.
ou

It is readily verified that the expression on the right is a function of v alone.
Hence the functions ¥}, V,, V,, and consequently the surfaces =, can be found
by quadratures.

PRINCETON, June, 1906.




